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1. Introduction

The Andreev levels parity dynamics have by now been explored experimentally both in atomic contacts
[Zgirski2011,Bretheau2013,Janvier2015,Tosi2021] and in semiconducting nanowire junctions [Hays2018].
Deliverable 5.1 was based on unpublished data from the Saclay group on atomic contacts [Tosi2021]. The
theoretical analysis presented there considered the case of a short junction hosting one pair of spin degenerate
Andreev states and identified the coupling to photons in the resonator and with phonons in the leads as the
main source of relaxation and parity jumps. In the meantime, experiments on semiconducting nanowires have
progressed and measurements on the parity dynamics have been performed by the Saclay group. There exists
also data from a group in Delft (outside the consortium) that has been presented in the CMD29 minicolloquium
that we organized last June. The experimental results from the Saclay node are briefly summarized in Sect. Il.

From the point of view of theory, the aim is to extend the short junction analysis to the case of finite length
ones that could describe the nanowire junctions. There are two main differences between the short and long
junction cases, which could affect the dynamics: the number of Andreev states inside the gap that increases
roughly linearly with the length [Bagwell1992], and the splitting of Andreev states due to spin-orbit coupling
[Tosi2019]. At present, we have focused only in the first of these effects given that the influence of spin-orbit
coupling on the parity dynamics is more subtle and there is still not enough resolution to identify it in the
experimental data. Our theoretical approach and main results are described in Sect. Ill.

2. Summary of experimental results

Parity dynamics in semiconducting weak links is generally explored by coupling a phase biased InAs
nanowire weak link to a microwave resonator in a circuit quantum electrodynamics architecture, as
shown in Fig.1.
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Fig. 1: Scheme of the setup used to measure the dynamics of Andreev states of a weak link. A phase biased
superconducting weak link (green), consisting in a hybrid nanowire junction, is coupled inductively to a
microwave resonator (magenta). The resonance frequency of the coupled system encodes information on
the population of Andreev states in the weak link. It also provides the main relaxation mechanism considered
by our theoretical approach.

Within this setup, the resonance frequency of the coupled system depends on the occupancy of Andreev levels
in the weak link. In particular, changes in the resonance frequency are important for the lowest-lying many-
body states of the weak link: the ground “even” state |g), the two single-excited states with odd parity |o,) (o =
1T,1) and the double-excited state with even parity |e). The results reported in this section by the Saclay’s node
corresponds to data taken at special working points in gate voltage and magnetic flux (known as “sweet spots”)
with first-order insensitivity to charge and magnetic flux fluctuations. In all sweet spots investigated (at
T=11mK), the results show that the steady state of the weak link is a mixed-state of two many-body states: the



ground even state, and the odd parity state. The single-shot readout implemented by the Saclay group has not
yet allowed to probe the odd-state spin degree of freedom. This is probably because the coupling between
the resonator and the phase biased weak link was not strong enough.
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Fig.2 a) The weak link was prepared into |e) state by applying a m-pulse at the transition frequency f, = 9.4 GHz
(insert). Populations of the states are measured as a function of the delay time after preparation. Solid lines:
fit using the rates depicted in Fig2b. b) Rates between states obtained from a master equation. Rates are in
ms’.

Fig.2a shows a relaxation experiment for a nanowire weak link at a typical sweet spot (transition frequency
fa = 9.4 GHz between |g) and |e)). The experimental sequence consist in driving the weak link to prepare it in
the |e) state and follow the populations as a function of the delay time after preparation. The results obtained
can be adjusted by a master equation with the associated rate between |g), |o) and |e) states (solid lines in
Fig.2a). The rates obtained are illustrated in Fig.2b. In this particular case, the observed parity lifetime is around
16us. Experiments on atomic-size weak links [Janvier2015] reported values close to 30 us and measurements
on similar nanowires [Hays2018, Hays2019] yielded values around 100 ps.

3. Theoretical approach

We base our analysis on the theory developed in Refs. [Olivares2014, Zazunov2014] that we extend to the
case of finite length junctions. The situation that we consider is illustrated in Fig.1: a superconducting loop
containing the weak link is coupled inductively to a microwave resonator, which acts as a macroscopic
electromagnetic environment for the weak link. To determine the dynamics of the Andreev states in the
presence phase fluctuations induced by this environment it is necessary to obtain all possible current matrix
elements among these states and with the continuum.

For this purpose we model the weak link as a single channel of finite length L between two superconducting
leads [Bagwell1992]. The linearized Bogolibov de Gennes equations for this model in the basis ¥(x) =
{(Wer(x) Wor (%) Wrr(x) ¥ (x)}, where R(L) refers to the right(left) moving quasi-electrons (e) and quasi-holes
(h); reads

(Ho +H, Ak

A(x) —Hgy— Hb) Y = E¥()

The H, term corresponds the kinetic energy, i.e. Hy = diag(—id, — vg; i0, — vr), 4(x) to the pairing potential
inthe leads, 4(x) = A4(6(—x) + 6(x — L)), and H, to a delta like potential barrier,



Hy = Up8(x — xo) (1 1)

The effect of the potential barrier can be included as an additional boundary condition at = x, , ¥(x, + 0%) =

i5 i§
My 1ot ¥ (%o — 0%) , with My, o, = diag (e‘?Mb, e7Mb) , Where & is the superconducting phase difference and
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where t,t" and r,r" are the corresponding transmission and reflection amplitudes for the potential barrier.

By imposing the matching conditions at each interface, we obtain the wave function coefficients on the different
regions. In particular, for the bound states we obtain the transcendental equation

2cos te +21e+a =2nm

where cosa = tcosé + Rcos 2Aex, , e = E/A, A =L/& and T = 1 — R is the barrier transmission coefficient.
Solving this equation we obtain the dispersion relation for the states shown in Fig. 3.
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Fig 3: Andreev bound states spectrum for a weak link of increasing length. The barrier transmission is set at
=0.9.

On the other hand, from the wave functions we can obtain the matrix elements for the current operator, which
in the present representation adopts a simple form, I = S(XT_X")diag (Vr, —Vg, Vg, —vg). Some results illustrating
the behavior of these matrix elements coupling bound and continuum states are shown in Fig. 4.

As can be observed, while the behavior as a function of phase of the current matrix elements is similar for the
different lengths, they exhibit a continuous decrease around phase m with length. This is more clearly seen in
Fig. 5, where we plot the current matrix elements as a function of length at phase =. Remarkably, the matrix
elements |, ;| and |I_, | exhibit an inversion around 1~1.3.
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Fig. 4: Current matrix elements coupling the lower energy Andreev states with continuum (E = 1.24) for the
same parameters as in Fig. 3. Red and blue correspond to Andreev state with positive and negative energy
respectively.
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Fig. 5: Current matrix elements as a function of reduced length A at phase 6 = r (rest of parameters as in
Fig. 4).

Setting up the rate equations

In order to build a rate equation description for the dynamics of the Andreev states subsystem, we follow
references [Olivares2014,Zazunov2014] but extended to a situation where more than one Andreev excitation
is present, as illustrated in Fig. 6. We should distinguish parity conserving from parity switching transitions, the
last ones must necessarily involve quasiparticles in the continuum.

In the case of parity conserving transitions the corresponding rates are given by

_2m

2
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where ny denotes the Bose distribution function for photons in the resonator that we assume to be in thermal
equilibrium at a temperature T,,,,, and J(w) is the environment spectral density, which we approximate as

_ K%y 1 1
J(@) = i ((w -2 +n3 T (w+ 02+ r]é)

where 2 is the resonator frequency, n, is the damping for the photons in the resonator and x determines the
coupling to the weak link. On the other hand, for the parity switching transitions, a typical rate like the creation



of a continuum quasiparticle at an energy E by the excitation of a trapped quasiparticle in the Andreev states
by absorption of a photon would be given by

_2r

2
1_;3,511 T |Ip,sn| nB(E - gn)](E - gn)(l _np) ’

where n,, is the distribution for quasiparticles in the continuum states denoted by p. As a first approach we
shall assume that continuum quasiparticles are in thermal equilibrium at a temperature Tg,, which can be
different from the environmental temperature T,,,,,. In a subsequent analysis we could relax this condition and
determine the continuum quasiparticles distribution self-consistently as done in [Zazunov2014].
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Fig. 6: Scheme of the parity conserving (leff) and parity switching (right) transitions that we consider to
analyze the Andreev states dynamics. We focus on the case of an intermediate length weak link with two
Andreev states (energies ¢, and ¢,) inside the gap and neglect the spin degree of freedom.

Under these conditions and focusing on a case like the one schematized in Fig. 5, with two Andreev states
within the gap, we obtain the following rate equations for the populations py, pe,, P, P2¢,1 Pe,+e,0 AND P2,
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Results on steady state populations

We have solved numerically these equations for the steady state populations. In Fig. 7 we show the evolution
of the even and odd states populations as a function of phase difference for the three values of the reduced
length 1 =0,0.8 and 2.5 in Figs. 2 and 3, and with transmission = = 0.9. For the resonator parameters we
assumed 02 =0254 and 1n;=0.014, as suggested by the experimental situation of Refs.
[Tosi2019,Metzger2021], while as a first guess we take T,, = 0.14 and T,,,, = 0.34 as for these temperature
values the typical rates are of the order of the ones observed experimentally. As can be observed, in all cases
the odd states population becomes significant around é§ = m, as expected from the ABS dispersion. More
remarkably, there is a continued increase of the odd states population with 4 which leads to a population
inversion between even an odd states for 4 = 2.5.
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Fig. 7: Even and odd states population as a function of phase for the three values of 1 and the same
transmission probability as in Figs. 2 and 3. Rest of parameters as indicated in the text.

To understand this inversion more clearly, we show in Fig. 8 the evolution of the different states populations
as a function of T,,,, and T, for § = m. We observe that when fixing T,,, at 0.14 a population inversion between
the ground and the |e; > states occurs for T,,,,,~0.14 (Fig.8 left panel); whereas the population inversion can
be reverted by increasing by increasing T, above 0.14 with T, fixed at 0.14 (Fig. 8 right panel).
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Fig. 8: Different states populations for A = 2.5, t = 0.9 and § = m as a function of T,,,, with T, fixed at 0.14
(left) and as a function of Ty,, with T,,,, fixed at 0.14 (right).

4. Conclusions

In conclusion, we have extended the theoretical approach of Refs. [Olivares2014,Zazunov2014] for analyzing
the parity dynamics to the case of finite length junctions hosting more than one pair of Andreev states. We
have considered the coupling to the resonator as the main source for quasiparticle relaxation and found that a
population inversion can occur for long enough junctions with high transmissions depending on the parameters
Teny @nd T, controlling the resonator and continuum quasiparticles temperature respectively. On the other
hand experiments on the parity dynamics on nanowire junctions conducted by the Saclay node indicate parity
lifetimes of the order of 20 us, somewhat shorter than the values of the order of 100 us reported by the Yale
group in [Hays2018]. While our theory is able to account qualitatively for the observed behavior we have not
yet attempted a direct comparison, which would require a more detailed experimental study and probably the
inclusion of other relaxation mechanisms within the theory.
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